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The equations of motion for the position and spin of a classical particle coupled
to an external electromagnetic and gravitational potential are derived from an action
principle. The constraints insuring a correct number of independent spin components
are automatically satisfied. In general the spin is not Fermi-Walker transported
nor does the position follow a geodesic, although the deviations are small for most
situations.
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The derivation of the equations of motion of classical spinning particles in external fixed
fields has occupied physicists for over fifty years. In special relativity it was first attacked
by Frenkel [1]. Using his work as a basis Bargmann, Michel and Telegdi [2] discussed the
precession of spinning particles in external electromagnetic fields. It is amusing to note
that, even today, there is a controversy as to the torque and force on such particles in
space and time dependent fields [3]. The discussion of a spinning particle in an external
gravitational potential goes back to Papapetrou [4] who endowed a particle with spin by
considering a rotating mass-energy distribution in the limit of vanishing volume but with
the angular momentum remaining finite. Results were obtained using Grassmann variables
and supersymmetry [5] and an attempt at a general procedure was made by Khriplovich
[6]. Most of the emphasis in the above works is on the equations for the spin components
and, with the exception of Refs. [1,3,4], the equations for the motion of the position of the
particle are either ignored or are incomplete. We shall present a canonical procedure for
obtaining the equations of motion, both, for the spin and position. The results are identical
to those that would have been obtained using the method of Ref. [1].
We shall obtain the equations of motion in terms of the proper time, τ , of the particle.
The position of the particle will be denoted by xµ and the spin will be described by the
antisymmetric spin matrix Sab. As usual, Greek indices will denote covariant vectors, tensors,
etc. and Latin ones those in local Lorentz frames; these are connected by the vierbein field,
eaµ(x). The spin matrix satisfies the Poisson relation
{Sab, Scd} = ηacSbd + ηbdSac − ηadSbc − ηbcSad , (1)
with ηab the flat space metric. It will prove to be convenient to obtain the equations of
motion for the position from a Lagrangian and those for the spin from a Hamiltonian; such
a combined procedure calls for the introduction of a Routhian [7] R(xµ, Sab). At the end of
this work we shall provide an expression for the action. The equations of motion are
δ
∫
dτR
δxµ
= 0 ,
dSab
dτ
= {R, Sab} ; (2)
2
τ is the proper time. All the variables we have considered are not independent, but satisfy
various constraints. With uµ, the four velocity, these are
uµuµ = 1 , (3)
SabS
ab = 2s2 , (4)
Sabu
a = 0 . (5)
Eq. (3) guarantees that τ is the proper time and will be satisfied as long as R is written
in a reparametrization invariant form and Eq. (5) is satisfied. Eq. (4) insures that the spin
of the particle is constant and is equal to s; it is automatically satisfied for all situations
considered. Eq. (5) results from the fact that in the particle’s rest frame the spin tensor has
only three independent components; it is this constraint that causes all the complications.
For a particle in an external field derived from a vector potential Aµ and a gravitational
field specified by the spin connection ωabµ a tempting Routhian is
R0 = m
√
u2 + euµAµ − u
µ
2
ωabµ Sab +
eg
4m
F abSab
√
u2 − κ
8m
RabcdSabScd
√
u2 . (6)
m is the mass of the particle and e is its charge; g is the gyromagnetic ratio and κ specifies
the strength of gravitational magnetic moment coupling introduced in Ref. [6]. This is
the most general Routhian not involving derivatives of the field strength tensor or of the
Riemann tensor and not involving terms of the form Sabu
a. Unfortunately, the equations of
motion derived using R0 do not satisfy the constraints of Eq. (5). There are two procedures
that will guarantee this constraint; both give the same equations of motion. One can follow
the method of Ref. [1] and add to R0 the constraint multiplied by a Lagrange multiplier.
We shall follow a different procedure. First define
S˜ab = Sab − Sacu
cub
u2
− Scbu
cua
u2
. (7)
The Poisson brackets of the S˜ab’s is the one given in Eq. (1) with the metric tensor ηab
replaced by ηab − uaub/u2. The S˜ab are related to the spin vector sa by
3
sa = −1
2
ǫabcdS˜bcud ,
S˜ab = ǫabcds
cud . (8)
The spin vector satisfies sasa = s
2 and the constraint saua = 0.
A desired Routhian is obtained by replacing all Sab’s in Eq. (6) by S˜ab’s and by adding
(dua/dτ)Sabu
b/u2 to it;
R = m
√
u2 + euµAµ − u
µ
2
ωabµ Sab +
Dua
Dτ
Sabu
b
u2
+
eg
4m
F abS˜ab
√
u2 − κ
8m
RabcdS˜abS˜cd
√
u2 . (9)
Here, D denotes a covatiant derivative and we have used the identity
dua
dτ
Sabu
b
u2
− u
µ
2
ωabµ S˜ab =
Dua
Dτ
Sabu
b
u2
− u
µ
2
ωabµ Sab . (10)
The fourth term in Eq. (9) involves the acceleration explicitly; it adds the Thomas precession
term to the equations of motion for the spin and insures that Sabu
a may be set equal to zero.
The equations of motion, with Eqs. (3-5) satisfied, for the spin tensor are
DSab
Dτ
+ (ubSac − uaSbc) Du
c
Dτ
= −
(
eg
2m
F cd +
κ
2m
RcdefSef
)
× [Sac(ηbd − ubud) + Sbd(ηac − uauc)] . (11)
This expression is consistent with Eq. (4) and Eq. (5). The equations of motion for the
coordinates of the particle are
mDuµ
Dτ
− eFµνuν − 12RcdµνScduν = DDτ
[(
− eg
4m
F cdScd +
κ
8m
RcdefScdSef
)
uµ
]
D
Dτ
(
ecµScd
Dud
Dτ
)
+ eg
4m
F cd;µScd − κ8mRcdef ;µScdSef
+ D
Dτ
[
ehµ
(
eg
2m
F cducShd − κ2mRcdefScdueShf
)]
. (12)
These equations are exact. Except in the case of large gravitational field gradients the
modifications due to the spin will be small [8]. It is interesting to study various limits of
Eq. (12). If we ignore the right hand side of that equation and plug the results into Eq. (11)
we obtain
4
DSab
Dτ
= −
(
eg
2m
F cd +
κ
2m
RcdefSef
)
(Sacηbd + Sbdηac)
+
[
e(g − 2)
2m
F cd +
(κ− 1)
2m
RcdefSef
]
(Sacubud + Sbduauc) . (13)
We know that the electromagnetic part of the equations of motion for the spin simplify in
the case g = 2; we also see that there is a simplification for the gravitational part in the
case κ = 1. That the Dirac equation
γaeµa
(
i∂µ − eAµ + 1
2
ωcdµ Scd
)
ψ −mψ = 0 , (14)
with Scd expressed in terms of the Dirac γ matrices, yields g = 2 is well known; it also yields
κ = 1. We note that even in the presence of only gravitational couplings, but with κ 6= 0,
the spin is not Fermi-Walker transported [8,9]. The corrections to Fermi-Walker transport
are very small, except as mentioned earlier, in the presence of large gravitational fields and
gradients.
Another interesting limit is the situation of no electromagnetic field and κ = 0. The
equation of motion for the position of the particle is
m
Duµ
Dτ
− 1
2
RcdµνScdu
ν −
(
ecµScd
D2ud
Dτ 2
)
= 0 . (15)
This agrees with the equations in Ref. [4]; we note that spinning particles do not follow
geodesics. The term involving the time derivative of the acceleration has been interpreted,
in Ref. [4], as being responsible for classical Zitterbewegung ; in the following sense we agree
with this interpretation: in the absence of gravitational interactions a spinning particle
will oscillate in the plane perpendicular to the spin direction with a frequency ω = E/s;
s2 = SabSab/2 is the magnitude of the spin vector. If we set |s| = h¯/2 we recover the
quantum mechanical Zitterbewegung frequency.
In the non-relativistic limit Eq. (12), for a purely magnetic dipole interaction is
m
dv
dt
=
eg
2m
∇ (H · s) +
eg
2m
d
dt
(E × s) ; (16)
s is defined in Eq. (8). This expression agrees with the force equation advocated in Ref. [3].
5
For completeness we present an action which corresponds to the Routhian of Eq. (9). A
convenient approach is to add a Wess-Zumino [10] term. For closed paths in proper time we
introduce a two dimensional manifold, M, parametrized by y1, y2 whose boundary is the
path τ . The action is
A = 1
s2
∫
M
dy1 dy2ǫ
αβTrS
∂S
∂yα
∂S
∂yβ
+
∫
dτR . (17)
The canonical equations obtained from the double integral yield the Poisson brackets of
Eq. (1)
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